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Abstract
Topological electric quadrupole is a recently proposed concept that extends the theory of electric
polarization of crystals to higher orders. Such a quadrupole phase supports topological states
localized on both edges and corners. In this work, we show that in a quadrupole phase of honeycomb
lattice, topological helical edge states and pseudo-spin-polarized corner states appear by making
use of a pseudo-spin degree of freedom related to point group symmetry. Furthermore, we argue
that a general condition for emergence of helical edge states in a (pseudo-)spinful quadrupole phase
is mirror or time-reversal symmetry. Our results offers a way of generating topological helical edge
states without spin-orbital couplings.
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The concept of topology in electronic materials has offered us a unique dimension to design
materials with useful properties [1–3]. Especially in topological insulators (TIs), a dissipa-
tionless spin current flows along the edges of a strip in the absence of charge current [4, 5].
These topological helical edge states have potential applications in low-power electronics [6].
Realization of topological helical edge states usually requires a spin-orbital coupling. How to
realize topological helical edge states without spin-orbit couplings remains as a fundamental
open question [7, 8].
The recently proposed topological electric multipoles such as dipoles and quadrupoles offer
us a nice opportunity to attack this open question [9, 10]. Topological electric multipole is a
generalization of the modern theory of charge polarization to high dimensions [11–13], which
introduces a new class of topological materials dubbed as high order TIs [14–18]. When a
sample with finite topological electric dipole moment is terminated with an edge, topolog-
ically protected fractional charge will appear on the edge [19–22]. Analogously, a finite
quadrupole upon being terminated develops both topological edge and corner states. Ex-
periments have observed these topological corner states in various systems such as photonic,
acoustic crystals and circuit arrays [23–25]. Remarkably, emergences of finite topological
dipole and quadrupole do not require spin-orbital couplings [26, 27].
In previous studies of topological electric multipole phase, (pseudo-)spin degrees of freedom
have not been paid attention so much. Without (pseudo-)spins, electric-multipole-induced
edge states are topologically protected but not helical. These edge states suffer from dissipa-
tion during propagation. To overcome this shorthand and gain fundamental understanding
of topological electric multipoles, we introduce pseudo-spin degree of freedom related to
point group symmetry in a topological quadrupole phase. For concreteness, we consider a
honeycomb lattice with Kekule´-like hopping textures. Based on this model, we argue that
a general condition for emergences of topological helical edge states in a (pseudo-)spinful
quadrupole phase is either mirror or time-reversal symmetry.
Before going into the details of the honeycomb lattice model, let us introduce the topological
electric multipoles such as dipoles and quadrupoles first. In crystalline systems, electric
multipoles are related to Berry connection in momentum space. For example, dipole moment
in a two-dimensional (2D) system can be expressed as
Pi(k) =
e
|P|
Nocc∑
n
∫
P
An(k, k′) · nidk′, (1)
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where the summation is taken for all the occupied energy bands, the integration is along
a straight path P that connects two equivalent k points in momentum space. ni is a unit
vector along i-direction, and An = i〈unk|∂k|unk〉 is Berry connection with |unk〉 the periodic
part of Bloch state of n-th energy band. Due to gauge freedom, dipole moment is well
defined up to a lattice constant. Since there are two independent directions in 2D system,
the dipole moment of n-th energy band is written as Pn = (P ni , P
n
j ) in general. Such the
independent components of a dipole moment allow us to define a quadrupole as
Qij =
Nocc∑
n
P ni P
n
j /e. (2)
Equation (2) clearly states that a corner state appears when both of P ni and P
n
j are not
zero. The derivation of Eqs.(1) and (2) is given in Sec. A of Supplementary Information.
The honeycomb lattice with a Kekule´-like hopping texture is displayed in Fig. 1(a) [28, 29].
There are two types of hopping parameters such as intra-cell hopping γ and inter-cell hopping
γ′ similar to Su-Schrieffer-Heeger (SSH) model [30, 31]. Resembling SSH model, topological
dipole appears when |γ| < |γ′| [29]. Because of C6v point group symmetry that dipole
moment is not zero for both b1 and b2 directions, a finite quadrupole may exist. Here
b1 and b2 are the primitive lattice vectors of the reciprocal lattice, which form the 1st
Brillouin zone as shown in Fig. 1(b). The energy band spectrums for |γ| > |γ′| and |γ| < |γ′|
are displayed in Fig. 1(c). In the case of |γ| < |γ′|, band inversions happen at Γ and M .
A detailed energy bands evolution by changing γ/γ′ is given is Sec. B of Supplementary
Information.
Since numerical evaluation ofAn(k, k′) produces very spiky function in momentum space due
to the gauge freedom of wavefunctions, it is difficult to obtain dipole moment numerically
using Eq. (1). However, under a zero Berry curvature (F = ∂iAj − ∂jAi) [32], based on
Eq. (1) the dipole moment can be determined by the parities at inversion-invariant k points
such as [13, 29]
P ni =
ηn(Γ)
ηn(Mi)
, (3)
where ηn(k) is the eigenvalue of pi rotation over z-axis at k point for the n-th energy band.
Then based the parities at Γ and Mi shown in Fig. 1(c) for |γ| < |γ′|, we obtain dipole mo-
ments e/2, 0, e/2 for the 1st (red), 2nd (blue) and 3rd (green) occupied bands, respectively.
Similarly, the quadrupoles are e/4, 0 and e/4, respectively, as P n1 = P
n
2 guaranteed by C6v
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point group symmetry. From Eqs. (1) and (2) the total dipole moment vanishes and the
total quadrupole is e/2. Thus, topological edge and corner states appear owing to the finite
quadrupole e/2 when |γ| < |γ′|. In the following we show that by introducing a pseudo-spin
degree of freedom related to C6v point group symmetry, topological helical edge states and
pseudo-spin-polarized corner states appear.
As shown in Fig. 1(c), owing to C6v point group symmetry, there are two pairs of doubly
degenerate states at Γ, i.e., E1 and E2 that may be regarded as pseudo-spins. For E1 states,
we call them |E11〉 and |E12〉, which are given by |E11〉 , |E12〉 =
∑
j e
±i(j−1)ρ |j〉. Similarly,
|E21〉 , |E22〉 =
∑
j e
±i(j−1)ω |j〉. Here |j〉 (j = 1, ..., 6) indicates six atomic orbitals in a unit
cell as indexed in Fig. 1(a), ρ = pi/6 and ω = pi/3. As Ei1 and Ei2 transform into each other
under mirror reflection and also time reversal similar to real spins as depicted in Fig. 2, we
regard them as pseudo-spin degree of freedom defined as
|1↑〉 = |E11〉 , |2↑〉 = |E21〉 ,
|1↓〉 = |E12〉 , |2↓〉 = |E22〉 .
(4)
In our model, there is no difference between pseudo-spins and real spins, we simply call spins
from now on.
To demonstrate the existence of helical edge states, we consider a ribbon structure extended
along the a2 direction as displayed in Fig. 3(a). By solving its corresponding Hamiltonian,
we obtain the energy spectrum of the ribbon as displayed in Fig. 3(b). It is clear to see
that there is a pair of edge-state energy bands appearing within the band gap in Fig. 3(b).
To show that these edge states are helical, we calculate the spin-polarization defined by
SP = |〈α↑|ψ〉|2− |〈α↓|ψ〉|2, where α = 1, 2 and |ψ〉 is an edge state vector. Taking k = ±0.2
and the lower branch of edge states in Fig. 3(b) as an example, we show the spin-polarization
value of the edge states in Fig. 3(c). From Fig. 3(c) we see that the edge states of same k but
opposite spins are located separately, resulting in finite spin-polarization. A demonstration
of dissipationless transport owing to the topological helical edge states is given in Sec. C of
Supplementary Information.
Besides edge states, corner states also emerge in a quadrupole phase, which is an essential
signature that differs the high-order TIs from conventional TIs. For demonstrating the
existences of corner states, we consider a finite sample spanning 10 × 10 unit cells with
open boundaries as displayed in Fig. 4(a). This sample has two types of edges and also two
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types of corners, i.e., zigzag and armchair. By solving its Hamiltonian, we observe eight
corner states totally as there are four corners and also two spins. Four of the corner states
have positive energies, and other four have negative energies. Corner states localized at
zigzag and armchair corners also have different energies. For each corner state, there is e/2
amount of charge. In Sec. D of Supplementary Information the detailed charge distribution
of corner states is given. As corner states have zero momentum, the spin-up and spin-down
corner states are degenerate due to time-reversal symmetry. Thus, the corner states are not
polarized along z-direction of spins. But due to finite spin-spin coupling, they are polarized
along x- or y-direction of spins. To see this, we redefine the spins by |α′↑〉, |α′↓〉 = |α↑〉± i|α↓〉
with α = 1, 2. Then taking the corner states with positive energies as an example, we
calculate their spin-polarization according to this definition. The result is displayed in
Fig. 4(b). We see that for zigzag corners, the corner states are spin-polarized up, whereas,
for armchair ones, the states are polarized down. The spin-polarization of each corner state is
constant regardless of the values of γ and γ′ as long as |γ′/γ| > 1, testifying their topological
nature. These spin-polarized topological corner states may work as spinful quantum dots,
with potential applications in spintronics.
In above discussions, we show the existence of topological helical edge states and also spin-
polarized corner states in the honeycomb model. Here we try to find a general condition
for emergence of helical edge states in a spinful quadrupole phase. We denote the spinful
quadrupole-induced localized states on the edge ζ with momentum k and spin σ = (↑, ↓) as
|k, σ, ζ〉. Here ζ(= L,R) indicates left-side edge “L” or right-side edge “R” of a ribbon. To
obtain spin-polarized edge states, it is required that |k, ↑, ζ〉 and |k, ↓, ζ〉 are not degenerate
as shown in the honeycomb model. To fulfill this condition, we check if there is any symmetry
connecting these two states. Here we consider three elementary symmetries such as time-
reversal T , mirror reflections Mx and My, and pi rotation along z-direction Rpi. Simply we
have
T |k, σ, ζ〉 = | − k, σ¯, ζ〉,
Mx|k, σ, ζ〉 = |k, σ¯, ζ¯〉,
My|k, σ, ζ〉 = | − k, σ¯, ζ〉,
Rpi|k, σ, ζ〉 = | − k, σ, ζ¯〉,
where σ, σ¯ have opposite values, and so as ζ , ζ¯. From above relations, it is noticed that the
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above symmetric operations change either two of these three “quantum numbers”. Suppose
that the |k, ↑, L〉 state is |0, 0, 0〉 and the |k, ↓, L〉 is |0, 1, 0〉, it seen that any single and
combinations of these symmetric operations cannot connect the two edge states as these
symmetric operations conserve the summation parity of these three “quantum numbers”.
In other words, in a spinful quadrupole phase, the edge states are spin-polarized in general,
which is a quite unconventional result.
Finally, we discuss the relation of the proposed honeycomb model with conventional TIs
that are supported by spin-orbital couplings. In the honeycomb model, edge and corner
states are protected by finite charge polarization, which correspond to a winding phase of a
connection defined by Bloch functions in momentum space as shown in Eq. (1). Such the
nonzero winding phase can also be expressed as an integration of a curvature by adding
one extra dimension [20]. As discussed in Ref. [33], by dimensional reduction a 2D TI can
be mapped to 1D SSH model. Thus, the proposed honeycomb model that is similar to 2D
SSH model corresponds to a new type of 3D TI. To see this, we investigate an adiabatic
pumping process of the spinful quadrupole in the honeycomb model controlled by parameter
θ. Namely, we set (µ, γ, γ′) = (cos θ, 0.2, sin θ), where µ is a staggered onsite potential with
opposite signs on the even- and odd-numbered atomic orbitals in a unit cell. The pumping
spectrum for half period of the finite sample of Fig. 4(a) is displayed in Fig. 5(a). It is made
up of three portion – bulk, edge, and corner states, which are colored as black, blue, and red
in Fig. 5(a), respectively. By replacing the pumping parameter θ with a quasi-momentum kz
along the third direction, we end up with a class of 3D TIs featuring spin-polarized surface
and hinge states as shown in Fig. 5(b). To realize this type of 3D TIs, one may stack
the honeycomb structure with onsite potentials depending on the layer-index and a small
inter-layer hopping.
We have discussed a spinful quadrupole phase as exemplified on a honeycomb lattice with
Kekule´-like hopping texture. With neither spin-orbital couplings nor external fields, topo-
logical helical edge states closely resembling those in conventional TIs have been created
plus spin-polarized corner states. By an adiabatic pumping process of spinful quadrupole,
we have defined a new class of three-dimensional topological insulators characterized by
spin-polarized surface and hinge states. These results are expected to be useful for under-
standing the topological properties of crystalline systems and designing novel topological
materials for low-power electronics.
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FIG. 1. (a) Schematic of the model which is characterized by two hopping parameters γ and γ′.
Within a unit cell, there are six atomic orbitals |j〉, j = 1, ..., 6. (b) Reciprocal lattice vectors b1,2
and the first Brillouin zone. (c) Energy bands spectrum for |γ| > |γ′| and |γ| < |γ′|. “±” indicates
parities of wavefunctions at Γ and M. M refers to either M1 orM2 in 1st Brillouin zone. First three
energy bands in the case of |γ| < |γ|′ are colored as red, blue and green, respectively, for clarifying
dipole moment of each band.
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FIG. 2. Schematic of pseudo-spins made up by linear combination of atomic orbitals. Pseudo-
spin up and down transform to each by either time-reversal operation or mirror reflection. Inset:
combination factors indicated in color.
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FIG. 3. (a) Schematic of a ribbon supporting topological helical edge states. The ribbon is periodic
along the y−direction. There are two mirror planes denoted as Mx and My. (b) Energy spectrum
of the ribbon for γ = −1.0 and γ′ = −2.0. The wavenumber k refers to direction b1. Within
the bulk energy gap, a pair of spin-polarized bands consisting of edge states appear. (c) Helical
edge states. Due to mirror symmetry (time reversal symmetry), edge states of same energy must
propagate oppositely – as indicated by the cross and dot – with opposite spin-polarization on the
same edge.
FIG. 4. (a) Schematic of a sample comprised of 10 × 10 unit cells supporting the corner states.
We call the edge along the x-direction zigzag, while that along the y-direction armchair. (b)
Spin-decomposition of the corner states with positive energies, blue (red) for the spin-up (-down)
component. Zigzag corner states are spin-polarized up while armchair corner states are spin-
polarized down. Insets: charge density maps for the corner states.
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FIG. 5. (a) Pumping spectrum of spinful quadrupole for a half period. The spectrum consists
of three types of states: the bulk states (black), edge states (blue) and corner states (red). (b)
By replacing θ with a quasi- wavenumber kz along the third direction, a class of 3D topological
insulators characterized by spin polarized hinge states – blue for spin-up and red for spin-down –
emerge.
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SUPPLEMENTARY A: ELECTRIC MULTIPOLES IN CRYSTALLINE SYSTEMS
In this section we consider a two-dimensional (2D) insulator to relate the electric multipoles
with Berry connection. The extension to 3D systems is straightforward.
The primitive vectors in the 2D insulator are denoted by a1 and a2. A unit cell is labeled
as R = n1a1 + n2a2, where n1 and n2 are integers. The wave vector is given as k =
1
N
(n1b1 + n2b2), where b1 and b2 are the primitive reciprocal lattice vectors defined by
ai · bj = 2piδij with i, j = 1, 2. We assume that there are totally N unit cells in the
system and each unit cell contains Norb atomic orbitals. An atomic orbital |α〉 located at
Rα := R+ rα is denoted by |R, α〉. So then, we can express the Bloch states for n-th energy
band as
|nk〉 = 1√
N
∑
R
∑
α
eik·Ruαnk |Rα〉 . (S1)
Here uαnk is periodic part of Bloch function, which is given by
〈Rα|nk〉 = 1√
N
eik·Ruαnk. (S2)
The dipole (per unit cell) is given by
P =
e
N
Nocc∑
n
∑
k
〈nk|xˆ|nk〉, (S3)
where the summation over n restricts to occupied energy bands labeled with integer n =
1, ..., Nocc and xˆ is the position operator. The symmetric quadrupole tensor Q (per unit cell)
has components Qij , which is given by
Qij =
e
N
Nocc∑
n
∑
k
〈nk|xˆixˆj |nk〉, (S4)
where xˆi is the position operator along i-th direction
To find the eigenvalue of xˆ, we look at the generator of xˆ defined in the reciprocal lattice as
gˆ(δk) = eiδk·xˆ =
∑
R
∑
α
eiδk·Rα |Rα〉〈Rα|. (S5)
Here δk = n δk, with n being a unit vector. It is noted that this generator can be manip-
ulated to extract any order of the multipole, but here we only consider the dipole and the
quadrupole. This generator shifts the wavefunction of each energy band by δk in the BZ.
To obtain the geometric phase, we need to adiabatically translate the wavefunction along
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FIG. S1. Two types of loops in 2D BZ, where the red represents the first type of loop without
direction changes, and the green represents the second type of loop where direction changes involve.
Here we take square lattice as an example.
a loop in the reciprocal space. Thus, a geometric phase around a “loop” is related with
eigenvalues of xˆ operator.
To see this more clearly, let us consider two type of loops in the 2D Brillouin zone (BZ) as
shown in Figure S1. First type of “loop” is a straight path that connects two equivalent k
points in the BZ, i.e. the red arrow in Figure S1. Since the path is connecting two equivalent
k points in the BZ, this path can be essentially viewed as a loop. This first type of “loop”
corresponds to charge polarization and also electric quadrupole. Second type of loop involves
changes of directions in momemtum space, i.e. the green arrow in Figure S1. The second
type of loops measures the change of charge polarization to momemtum.
For a while, let us focus on the first type of “loop” to obtain the charge polarization and
electric quadrupole. In this case, the unit vector n of the momentum shift is parallel to the
path. If we consider the loop which starts from kL1 and ends at k
L
Nk
, the set of momemntum
on the loop L is given as
L : kL1 ,k
L
2 ,k
L
3 , · · · ,kLNk−1,kLNk(:= kL1 ),
where kLi+1 − kLi = δkn and Nk is total number of k points in the loop L. Note kL1 and kLNk
are equivalent points.
Next we project gˆ unto the subspace of occupied energy bands on those kLi points forming
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the “loop” L by the projection operator
Pˆ =
Nocc∑
n
Nk∑
i
|nkLi 〉〈nkLi |
and call the projected generator GˆL(δk), given by
GˆL(δk) = Pˆ gˆ(δk)Pˆ = eiδk·Xˆ =
Nocc∑
m,n
Nk∑
i
Γ
m,kLi +δk
n,kLi
|m,kLi + δk〉〈n,kLi |, (S6)
where Xˆ = Pˆ xˆPˆ is the projected position operator, and Γm,k1n,k2 = 〈um,k1|un,k2〉. Relevant to
our current interest, we consider δk to be infinitesimal, and thus
Γ
m,kLi +δk
n,kL
i
≈ δn,mΓm,k
L
i +δk
n,kL
i
. (S7)
As such, GˆL(δk) can be reduced into a block diagonal form for each occupied energy band
with each block given by
Gˆn,L(δk) =
Nk∑
i
Γ
n,kLi +δk
n,kLi
|n,kLi + δk〉〈n,kLi |, (S8)
where n is band index. Note that
Γn,k
L+δk
n,kL
= eiδk·A
n,n(kL), (S9)
where An,n(k) = i〈un,k|∂k|un,k〉 is the Berry connection for the nth energy band.
We now look for the eigenvalues of Gˆ(δk), which are related to the eigenvalues of Xˆ, see
Eq. (S6). There are in total Nk these values for each loop and let them be X
n,L
j , where
j = 1, ..., Nk. Now we can write
Gˆn,L(δk) =
∑
j
eiδk·X
n,L
j |Xn,Lj 〉〈Xn,Lj |. (S10)
Here |Xn,Lj 〉 are the eigenvectors. This shows that Gˆn,L(δk) is unitary.
Considering that Gˆn,L(δk) simply shifts vectors along a loop, we can easily show that
[
Gˆn,L(δk)
]Nk |kL1 〉 =
(
Nk∏
i=1
Γ
n,kLi +δk
n,kLi
)
|kL1 〉 = eiδk·
∑
iA
n,n(kLi )|kL1 〉 = ei
∫
L
dk·An,n(k)|kL1 〉, (S11)
where kLi denotes the i-th vector on the loop L with i = 1, ..., Nk. This shows that the
eigenvalues of
[
Gˆn,L(δk)
]Nk
are ei
∫
L
dk·An,n(k) independent of i, i.e. the starting point of
loop. On the other hand, from Eq. (S10), we have[
Gˆn,L(δk)
]Nk
=
∑
j
eiNkδk·X
n,L
j |Xn,Lj 〉〈Xn,Lj |. (S12)
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Comparing this equation with Eq. (S11), we immediately arrive at
Nkδk ·Xn,Lj = δk ·
∑
i
An,n(kLi ) + 2piMj, Mj =M0,M0 + 1, ...,M0 +Nk − 1, (S13)
where M0 can be any integer and it does not have any physical consequences, i.e. gauge
freedom due to free choice of coordinate origin. To make it more convenient to use, let us
write
δk =
1
Nk
(l1b1 + l2b2), X
n,L
j = R
L
j + d
n,L, RLj = n1a1 + n2a2,
where l1 and l2 are integers and so are n1 and n2. Substituting this in Eq. (S13), we obtain
(l1b1 + l2b2) · dn,L = (l1b1 + l2b2) · 1
Nk
∑
i
An,n(kLi ), l1n1 + l2n2 =Mj . (S14)
We conclude that
dn,L · n = Nk−1
∑
i
An,n(kLi ) · n.
Since this relation must hold for any choice of (l1, l2), we can set l1 = 1 and l2 = 0 without
loss of generality. It follows that
dn(k2) · n = 1
2pi
∫ 1
0
dk1A
n,n(k1b1 + k2b2) · n, R(j, j0) = ja1 + j0a2. (S15)
Here k2 labels the loops and (j, j0) chooses the origin.
This result can now be used to calculate any multipole. Up to a constant term, we arrive at
P(k) = e
Nocc∑
n
dn(k), Q(k) = e
Nocc∑
n
dn(k)dn(k). (S16)
The case of zero Berry curvature. Here we assume the Berry curvature given by
F = ∇k × A equals to zero at any k points. In this case, any integrations of A along a
second type of loop are zero, and P and Q become independent of k. To see this, we can
consider a second type of loop as shown by the green loop in Figure S1. Starting from the
left-bottom and along the clock-wise direction, the four joint points of the loop are (ki, k1),
(ki, k2), (kNL, k2) and (kNL, k1), accordingly. Then the integration of A over the loop is given
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by ∮
dk ·A =
∫ k2
k1
dk′A2(ki, k
′) +
∫ k1
k2
dk′A2(kNL , k
′)
+
∫ b1/2
−b1/2
dkA1(k, k2) +
∫ −b1/2
b1/2
dkA1(k, k1)
= d1(k2)− d1(k1)
=
∫∫
Fds
= 0,
where the first two terms cancel as ki and kNL are two equivalent points, Ai = A · ni and
d1 = d · n1. Then we have d1(k1) = d1(k2) regardless of k1 and k2. Similar argument can
also be applied to d2. As a result of zero Berry curvature, P and Q become constants in
BZ, and their expressions can be further simplified. We arrive at the expressions of dipole
and quadrupole in the main text as
Pi = e
Nocc∑
n
(dn · ni), Qij = e
Nocc∑
n
(ni · dn)(nj · dn), (S17)
where dn ·n = 1
2pi
∫
L
dk ·An,n with L a first type of loop that connects two equivalent points.
SUPPLEMENTARY B: ENERGY BANDS STRUCTURE OF HONEYCOMB 2D
SSH MODEL
The full Hamiltonian of 2D SSH model sitting on a honeycomb lattice is given by[29]
H =


0 eiφ3 0 teiφ1 0 eiφ2
e−iφ3 0 e−iφ1 0 te−iφ2 0
0 eiφ1 0 teiφ2 0 etiφ2
te−iφ1 0 e−iφ2 0 e−iφ3 0
0 teiφ2 0 eiφ3 0 eiφ1
e−iφ2 0 et−iφ3 0 e−iφ1 0


, (S18)
where the bases are the atomic sites (|1〉, |2〉, |3〉, |4〉, |5〉, |6〉)T, which are shown in the main
text of Fig. 1a, and φi is the Bloch’s phase given by k · ri with
r1 = a(0, 1/
√
3), r2 = a(−1/2,−1/2
√
3), r3 = a(1/2,−1/2
√
3). (S19)
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FIG. S2. (a) Energy band structure of 2D honeycomb SSH model for γ = −2.0 and γ = −1.0.
Inset is the character table of C6v point group symmetry. (b) Energy band structure at γ = γ
′.
(c) Energy band structure for γ = −1.0 and γ′ = −2.0. (d) energy band evolution at Γ point for
γ′/γ. The parities at Γ and M points are marked as ±.
The energy spectrum for γ = −2.0 and γ′ = −1.0 is plotted in Fig. S2(a). There are six
energy bands based on the character table of C6v point group symmetry (inset of Fig. S2a).
The doublets energy bands coincide at Γ point when |γ| = |γ′| as displayed in Fig. S2(b),
and a band inversion at Γ point happens for |γ′| > |γ|. In Fig. S2(c) is displayed the enerby
spectrum for γ = −1.0 and γ′ = −2.0. In Fig. S2(d) the energy evolution of two doublets
band at Γ point for γ′/γ is displayed. The ± sign in Fig. S2 indicates the eigenvalue of C2
rotation of the wavefunction.
For more details about the Hamiltonian near Γ, we apply the following unitary matrix
U =


1 1 1 1 1 1
1 −1 1 −1 1 −1
1 ω2 ω 1 ω2 ω
1 ρ5 ω2 −1 ω ρ
1 ω ω2 1 ω ω2
1 ρ ρ2 −1 ω2 ρ5


, (S20)
where ρ = eipi/3, ω = ei2pi/3. From the first row to the last row, they correspond the two
singlets energy bands, | ↓2〉, | ↓1〉, | ↑2〉 and | ↑1〉, respectively.
After the unitary transformation and expanding around Γ point, we obtain
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H =


m1 0 0 m2(kx − iky) 0 −m2(kx + iky)
0 −m1 m2(kx + iky) 0 −m2(kx − iky) 0
0 m2(kx − iky) m2 −m1(kx + iky) 0 0
m2(kx + iky) 0 −m1(kx − iky) −m2 0 0
0 −m2(kx + iky) 0 0 m2 m1(kx − iky)
−m2(kx − iky) 0 0 0 m1(kx + iky) −m2


,
(S21)
where m1 = 2+ t, m2 = −1+ t, and the bases are (|A1〉, |B1〉, | ↓2〉, | ↓1〉, | ↑2〉, | ↑1〉)T , where
|A1〉, |B1〉 are two singlet energy bands. From above Hamiltonian it is clear that one cannot
just extract the doublets bands by throwing singlets bands away as the coupling among
them is not zero and not topological trivial, which is m2(kx ± iky). Furthermore we can see
that unlike conventional topological insulators, the spin-orbital-coupling-like terms kx + iky
and kx − iky appear simultaneously for each atomic orbital.
SUPPLEMENT C: TRANSPORT SIMULATION OF HELICAL EDGE STATES
FIG. S3. Current is sent through attached leads made up by the same material (indicated by red)
from right to left at E ∼ 0. There is a vacancy defect in the upper edge. Helical topological edge
state turns around the vacancy defect near the edge without back-scatterings.
Because of the mirror symmetry and finite spin-spin coupling, the topological edge states
discussed in the main text are also helical. When the spin-spin coupling is small, these helical
edge states are immune to back-scatterings. As displayed in Fig. S3, the helical topological
edge state induced by attached leads turns around a vacancy near the edge without apparent
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back-scatterings [34].
FIG. S4. (a) Schematic of 2D SSHmodel. The model is specified by an intra-cell hopping parameter
γ and an inter-cell one γ′. Two topologically distinct phases exist depending on whether |γ| > |γ′|
or not, as displayed in the diagram in the inset. In the shaded region, a topological dipole of e/2
and a topological quadrupole of e/4 coexist. (b) Fractional charge states localized at the corners
demonstrated for a sample spanning 15 × 15 unit cells. (c) Schematic of a sample comprised of
10×10 unit cells supporting the corner states. We call the edge along the x-direction zigzag, while
that along the y-direction armchair. (d) Charge distribution in the corner states for γ = −1.0 and
γ′ = −3.0. For each state, the charges total to e/2.
SUPPLEMENTARY D: FRACTIONAL CORNER CHARGE
In this section we display the numerical results of localized fractional charge on the corners
of 2D SSH (Su-Schrieffer-Heeger) model on both square and honeycomb lattices. SSH model
is an intriguing system realizing the topological quadrupole phase. In Fig. S4(a) the hop-
ping texture of 2D SSH on a square lattice is displayed. There are two types of hoppings,
namely the intra-cell hopping γ and the inter-cell hopping γ′. Inset of Fig. S4(a) displays its
topological phase diagram in terms of intra-cell and inter-cell hoppings γ and γ′. Two topo-
logically distinct phases can be identified depending on the ratio t = γ′/γ. For t > 1, the
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topologically non-trivial phase results with |Px| = |Py| = e/2 and |Qxy| = e/4 for the lowest
band. Upon being terminated, topological edge and corner states appear, as demonstrated
in Fig. S4(b) for a sample spanning 15× 15 unit cells. Unlike in the work of Benalcazar et
al. [9, 10], there is no pi-flux threading the unit cells in our system. As such, finite Pi band
Qxy coexist in a mixture state, which has no classical counterpart.
Similar to 2D SSH model on a square lattice, topological corner states appear when |γ′| > |γ|
in a honeycomb lattice. In Fig. S4(c) the finite sample of honeycomb SSH model with
open boundary conditions is displayed, which possesses both zigzag and armchair edges. In
Fig. S4(d) the fractional corner charge is displayed. Different from square lattice case, the
fractional charge is ±e/2 in honeycomb lattice as there are both pseudo-spin up and down
contributions.
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